ABSTRACT The widespread need for ubiquitous power delivery is driving the commercialization of inductive wireless power transfer (WPT). Wireless power transfer systems, however, are plagued by low efficiency. To combat this, we propose a new approach to maximize the efficiency of inductive WPT using multiple coil charging systems. The use of multiple coils can potentially allow the system to efficiently adapt to magnetic field propagation conditions, similar to the way multiple antennas are used to adapt to channel conditions in wireless communication systems. We consider a multiple-input single-output WPT system using near-field inductive coupling. While such systems have been extensively studied in previous work using lumped resistance, inductance, and capacitance (RLC) circuit models to analyze their behavior, the difficulty of constructing tractable and realistic circuit models has limited the ability to accurately predict and optimize the performance of these systems. The main innovation in this paper is to take a more abstract approach to modeling the WPT system as a linear circuit whose input-output relationship is expressed in terms of a small number of unknown parameters that can be thought of as transimpedances and gains. The crucial advantage of this approach is the economy of the representation, i.e., the number of unknown model parameters can be much smaller than the number of lumped circuit elements required for a complete and accurate RLC circuit representation. We present simple derivations for the optimal voltage excitations to be applied at the transmitters to maximize power transfer efficiency as well as suboptimal excitations which are less computationally intensive. A simple procedure, which we call circuit sounding, for estimating the unknown parameters using a small set of direct measurements is described. We outline a series of experiments with four transmit coils and two receive coils that verify the model and show that the optimal solution can achieve higher efficiencies than those of previously known methods.
I. INTRODUCTION A. OVERVIEW OF INDUCTIVE WPT
Inductive coupling has long been recognized as an effective method to transfer power to remote devices without wires. Unlike radiative far-field power transmission, which uses propagating electromagnetic waves, near-field inductive coupling techniques utilize the magnetic fields generated by one or more coils [1] . The fundamental idea of WPT using inductive coupling involves applying an AC voltage to drive current in a transmitter coil that induces a current in a receiver coil to supply power to a resistive load. This technique dates back to the 19th century, and there is a long history of attempts to build practical devices for wireless power transfer based on this principle [2] , [3] .
The explosion of mobile devices has invigorated industrial work on WPT, driven by the possibility of eliminating the last remaining wire for mobile computing devices such as smartphones and watches [4] , [5] . Recent applications include mobile device charging [6] , passive RFID tags [7] , medical implants [8] , [9] , and electric vehicles [10] . There are already several international standards, including the Wireless Power Consortium Qi standard [11] and the Alliance for Wireless Power Rezence standard [12] , and there are a variety of commercial products developed from these standards. Despite this significant amount of work, most present-day WPT devices are still limited by short ranges (e.g., a few millimeters to centimeters) and/or low efficiencies [13] , [14] .
B. THE KEY CHALLENGE
A common challenge in most of the previous work on WPT systems is the difficulty of building accurate models that can predict the power transfer efficiency well enough to tune and optimize the system. The common approach in previous work is to model a WPT system as a lumped RLC circuit that is then analyzed using standard circuit-solving techniques. Some previous work has also used models for WPT systems based on coupled-mode theory [15] , which has been shown to be equivalent to the RLC circuit modeling [16] .
There are two major limitations to using standard circuit solving techniques. First, the self inductance (L) and mutual inductance (M) circuit elements require complex numerical calculations, and the mutual inductance values are very sensitive to small changes in the geometry of the system. Second, and more crucially, a realistic circuit model requires a complex circuit with a large number of lumped circuit elements.
This latter difficulty appears to be fundamental and arises from the fact that there are at least two dominant loss mechanisms in WPT systems: Ohmic losses in parasitic resistances and radiation losses, which are often modeled by multiple lumped circuit elements [17] , [18] . Furthermore, an accurate analysis requires consideration of small losses, e.g., Eddy currents in conducting surfaces near the transmitter coils. These losses are physically dispersed and cannot be modeled with a small number of lumped circuit elements.
The above reasoning leads directly to the fundamental question that motivates this work. Can we devise an alternative to the lumped element circuit model that captures the cumulative effect of the various loss mechanisms in a WPT system without explicitly modeling every loss source individually?
C. APPROACH
The approach followed here is most easily explained using an analogy with channel modeling for wireless communication systems. Wireless communication engineers have long faced the problem of accurately calculating the frequency response of the propagation channel. A physics-based approach is to apply Maxwell's equations to intricate models of the propagation environment. While this can be useful in a carefully controlled setting, practical wireless communication devices must be deployed in innumerable scenarios and perform realtime channel adaptation. To solve this problem, researchers have long resorted to signal processing inspired techniques. The channel is viewed as a black box, and the system response is typically estimated in real-time at the receiver using a known training sequence. This omits the need for careful, and usually inaccurate, electromagnetic (EM) modeling, succinctly captures the mathematical properties of the channel needed for optimization, and allows for real-time adaptation.
This is exactly what we propose to do for multiple coil WPT systems. Specifically, we assume that the WPT system is represented by an unknown multi-terminal linear circuit. We consider the transmitter terminals as the inputs, receiver terminal as the output, and express the input-output relationship between the terminal voltages and currents using a minimal number of unknown transimpedance and gain parameters. We propose to directly estimate these parameters using a series of simple measurements based on a predetermined sequence of input currents. We refer to this technique as circuit sounding. Calculating the input excitations to this multiple coil system that yield the maximum power transfer efficiency is then a simple optimization.
Note that this approach is different from impedance matching, which intends to maximize power transfer by determining optimal circuit parameters which minimize the wave reflection ratio [19] - [21] . Instead, we aim to find optimal coil excitation currents which deliver maximum power to a receiver for a given WPT system with fixed circuit parameters.
The specific contributions of this paper are as follows: 1) We describe an abstract circuit model that captures the coupling between the transmitters and the receiver as well as losses using a minimal number of unknown parameters. A simple procedure to estimate the unknown model parameters is also described. 2) We present a simple derivation of the input excitations that maximize the power transfer in terms of the parameters of the abstract model. We demonstrate that it yields solutions that differ from standard assumptions commonly found in the existing literature. 3) We describe an extensive set of experiments that we designed to test and validate the abstract model.
D. SURVEY OF RECENT WORK
Resonant coupling is one recently-developed technique for improving the efficiency and range of multi-coil WPT systems. A typical configuration used with this method involves a four-coil system where the transmitter and receiver are designed to resonate with a high Q factor at precisely the same frequency [15] . Since the performance of resonant coupled systems is sensitive to coil geometry and the presence of other conducting objects near the coils [22] , [23] , maintaining resonance is extremely challenging in practice [22] , [24] , [25] .
A recently proposed technique is to use multiple transmit coils [26] - [28] to focus the energy of the magnetic field towards the receiver. This idea is superficially similar to beamforming from phased array antennas [29] . However, it is important to keep in mind that the physics of radiative electromagnetic fields from antennas is very different from that of magnetic near-fields. Indeed, the experimental results in this paper illustrate that phase coherence at the receiver is not necessarily optimal for WPT systems.
Convex optimization methods have been used to find the optimal reactances and current excitations that maximize the VOLUME 6, 2018 power transfer efficiency of resonant multiple-input singleoutput (MISO) WPT systems [30] . While the optimization problem presented in this paper is closely related to the one in [30] , we do not consider optimizing the impedances, and our formulation can be applied to non-resonant WPT systems. Recently, [31] presented an optimization problem for maximizing the efficiency of multiple-input multipleoutput (MIMO) WPT systems. However, this approach relies on a specific lumped RLC circuit model, which requires prior knowledge of the circuit parameters such as parasitic resistances. Both [30] and [31] use numerical simulations, instead of experimental validation, to verify the correctness. In contrast, we present experimental evidence based on direct real-time measurements to verify the validity of the model and analysis.
The rest of the paper is organized as follows. Section II presents the abstract model for MISO WPT systems. The efficiency-maximizing excitation for the transmitters is derived in Section III. A series of experiments designed to illustrate and verify the model is described in Section IV and an analysis of the experimental results is presented in Section V. Section VI concludes.
In this paper, we use the following notation: for a matrix or vector A, A H stands for its Hermitian transpose, A T means transpose, A −1 indicates its matrix inverse, and A * stands for the conjugate of A. For a complex number c, the complex conjugate is written as c * , and the real part of c is denoted by Re(c).
II. MODEL DESCRIPTION A. ABSTRACT CIRCUIT MODEL
Consider an arbitrary MISO WPT system (e.g., WPT model with lumped circuit elements shown in Fig. 1(a) ) which can be translated into an abstract circuit model illustrated in Fig. 1(b) . In these models, N current sources connected to N input terminals with currents i 1 , i 2 , . . . , i N represent the transmitters. These transmitters aim to deliver maximum power to a receiver which is modeled as a load as shown. The voltage across source k, for k = 1, . . . , N , is denoted by v k , and the load voltage and current are denoted by v 0 and i 0 , respectively.
It is assumed that all the elements in the circuit are linear and the N sources are the only active elements. Beyond that, we make no assumptions about the interconnections between the different terminals, the geometry of the coils, and the complexity of the circuit. Specifically, the model allows i) arbitrarily weak or strong coupling for the transmitter coils with each other and with the receiver and ii) applies to both resonant or non-resonant systems. Since Maxwell's equations are linear, this model also automatically accounts for all parasitic resistances and reactances including radiation and skin effects and the presence of shielding materials.
For simplicity, we limit consideration to a time-invariant single-frequency AC circuit system, where phasor voltages and currents are represented by complex numbers and the linear load by a complex impedance Z 0 . The generalization of the circuit model to arbitrary time-varying non-sinusoidal voltages and currents is straightforward. However, the general non-sinusoidal case presents a far richer design space and a variety of interesting optimization problems. We defer detailed consideration of these to future work.
Under the assumptions of linearity and time invariance, the voltage v 0 and current i 0 across the receiver load can be computed using the superposition principle as the sum of contributions proportional to each of the phasor currents i k 's:
T is a dimensionless current gain vector. Using (1) and (2), the power consumed by the receiver load is given by
Using Ohm's law, we can write the current i 0 and voltage v 0 of the load Z 0 as
This gives a H 0 = Z 0 b H 0 which gives for the load power,
where the vector c √ Re (Z 0 )b 0 . Similarly for the k-th source terminal, the voltage across transmit coil k can be written as
where a k is a transimpedance vector
The current i k is trivially written as i k = δ H k i where δ k is the k-th column of the N ×N identity matrix. The power P k generated by the transmitter k can then be written as
where
is a positive semidefinite Hermitian matrix. This allows us to write for the total power transmitted by all the sources as
where A is the transmitted power matrix and P T (i) ≤ P T for total available transmit power P T . The power loss in the WPT system is defined as
using a positive semi-definite Hermitian ''loss matrix'' B = B H ≡ A − cc H . Therefore, using (7) and (8), we can rewrite the total power delivered to the load as
B. REAL-TIME MEASUREMENT PROCEDURE
We describe a simple method to estimate the unknown ''channel'' parameters B and c using least-squares. We define a fullrank matrix Q ∈ C N ×K to represent pilot sequences, which is given by
where q ij is a pilot symbol transmitted from coil i at time instant j. When the pilot symbols are transmitted, the voltage across the i-th transmit coil can be represented by
where a i are transimpedance vectors and w i ∈ C 1×K are noise. Similarly, the current of the receiver load is represented by
where w 0 ∈ C 1×K is the noise. Using the measured transmitter voltages x i and load current y, we can estimate the parameters a i and b 0 bŷ
where Q † is a pseudo-inverse of Q, which is given by
The estimate of the matrix B can then be calculated asB = imized when Q is constructed by orthogonal rows with the same norm [32] . Some examples that satisfy this condition include the identity matrix and DFT matrix. Note: The above estimation procedure involves measurements only at the input terminals and the load and does not involve any measurements anywhere else in the circuit.
III. PROBLEM FORMULATION AND OPTIMAL SOLUTION A. MAXIMIZING DELIVERED POWER
To maximize power transfer, we want to find the excitation current vector i that maximizes the total power delivered to the load given a maximum total transmit power P T . As described in Section II-B, B and c are treated as unknown channel parameters and estimated directly using real-time measurements. For this section, we assume that these parameters are known and formulate a general optimization problem for the WPT system. Formally, we state the WPT optimization problem as
For convenience, we define the efficiency of the WPT system for a given excitation current vector i as
The optimal solution to (14) is stated in the following theorem. Theorem 1: Assuming that B is non-singular, the optimal solution to the problem (14) is given by
where is a constant determined by the transmit power constraint. In addition, the maximum achievable transfer efficiency η(i opt ) is always strictly less than 100% . Proof: The loss matrix B is assumed to be non-singular. If B is singular, it is possible to choose nonzero i that satisfies Bi = 0. According to (8) , such an excitation i produces zero losses and the resulting power transfer efficiency is unity. This means that it is possible to excite this system to achieve perfectly lossless power transfer which is physically unrealistic.
We now derive the optimal current excitation vector that maximizes the delivered power for given total available power P T . Consider the Lagrangian of (14) with Lagrange multiplier λ ∈ R,
Setting the partial derivatives of the Lagrangian to zero, we get the optimal solution:
Simplifying (17), we get
Equation (19) represents a generalized eigenvalue problem. Under the assumption that B is non-singular, we can rewrite (19) as
and hence, the optimizing vector i opt is a scalar multiple of B −1 c,
where is a constant and can be computed using (18) as
where α = c H B −1 c > 0. Now, using (4) and (18), we get
.
whereP L denotes the maximum delivered load power (i.e.,P L = P L (i opt )).
B. SUBOPTIMAL POWER TRANSFER BASED ON CONJUGATE BEAMFORMING
A suboptimal method is proposed to find an excitation current vector. When a large number of transmit coils are employed, calculation of optimal excitation vector, which involves both B and c, becomes computationally intensive. This method reduces the complexity by computing the excitation current vector without knowledge of loss matrix B. This scheme is inspired by the conjugate beamforming, a common precoding technique in multi-antenna wireless communication systems. The optimization problem can be written as
where w > 0. Note that the units of w are A 2 but not W. The problem (22) is a well-known optimization problem on maximizing a quadratic form. The solution is given bỹ
Therefore, the excitation current is chosen to be the complex conjugate of the current gain at each node. Since the total power consumption for an excitation current vector i is given by i H cc H + B i, the current vector can be written as
where β is an excitation gain given by
Note that the gain β is introduced to simply satisfy the maximum power constraint and it does not affect the overall power transfer efficiency for β > 0. Therefore, in practice, the gain can be determined empirically by real time measurement of transmit power P T (i) without computing (24). 
IV. EXPERIMENTAL DESIGN
A series of experiments was designed and performed to (a) verify the model for real-world inductive systems, (b) show that the optimal solution can achieve significantly better performance than previously known methods, and (c) demonstrate the method's feasibility for estimating the model parameters from real-time measurements.
It is important to emphasize that the purpose of this experimental study is to test and validate the correctness of the abstract model, but not to demonstrate a practical charging application. This guided design choices some of which may otherwise seem counter-intuitive. For instance, we used a non-resonant power transfer system, which does not include a capacitor or additional resonant coils. A resonant WPT system would have allowed increased power levels delivered to the receiver as well as higher efficiency, but it would have resulted in a more complex system and less reliable measurements. Also, while this paper is focused on a MISO WPT system with a single receiver, the experimental setup includes two receivers to allow us to study the effect of parasitic inductances on the WPT system. Thus, we can treat one of the receivers as the intended charging device and the other receiver as an undesired loss element. The results confirm the intuitive expectation that optimizing the power transfer to the desired receiver has the effect of reducing the power transferred to the undesired receiver.
Specific details are as follows. The setup consists of four transmitter coils, which can transfer power to any one of two receiver coils. All the coils are fixed to a cardboard base as shown in Fig. 2 . Four coils including two transmitter coils and two receiver coils are located coaxially while the other two transmitter coils are on the same plane (co-planar coils).
The circuit schematics of the experimental setup and locations of the coils are shown in Fig. 3 . The receiver coils are connected with loads Z L = 100 at all times, and the transmitter coils are connected to a power source only when the coils are used for transmission. Otherwise, the transmitter coils are open. Note that no converter is used in this configuration. The coils have a 90 mm diameter, 2 mm coil length, and 7 turns. The inductance and resistance of the coils are listed in Table 1 .
The interaction between two coils is represented by a coupling coefficient defined as
where L i and L j are self inductances as shown in Fig. 3 , and M ij is the mutual inductance of the two coils [33] . The measured coupling coefficients are listed in Table 2 .
The measurements are performed as follows. First, 200 kHz AC voltages (whose amplitude and phase can be arbitrarily controlled) are applied to one or more transmitter coils. The operating frequency is chosen to comply with Qi and PMA standards [11] , [12] . The resulting voltages and currents on the transmit and receiver coils are measured. The voltages are directly measured using an oscilloscope, and the currents are measured by inserting current sensing resistors in series to the coils and measuring the resulting voltage drops. Note that the current flowing through a non-excited transmitter coil is zero since the circuit is open.
One transmitter coil's current is used as a common phase reference, and the remaining phasor voltages and currents are measured with respect to the phase reference. Similarly, the voltages and currents of all of the receiver coils are measured. Since the loads connected to the receiver coils are purely resistive and resistances are known, the current can be calculated from the voltage measurement and vice versa.
V. RESULTS AND ANALYSIS

A. OVERVIEW OF EXPERIMENT
We performed two sets of experiments. In the first set of experiments, each of the four transmitter coils is excited one at a time and the resulting voltages and currents of transmitter coils and receiver load are measured. In the second set of experiments, the transmitter coils are excited two at a time resulting in 4 2 = 6 sets of voltage and current measurements. The single coil excitation measurements are used to measure the model parameters and analyze the efficiency of the WPT system, and the two coil excitation measurements are conducted for verification. The proposed solutions were compared with the equal power beamforming, which is the most widely used method in the literature on WPT systems with multiple transmitters in which the phase of the excitation current is chosen to be the negative of the phase of the current gain at each transmitter [34] . This ensures that the contributions from each transmitter to the total load current are aligned in phase and thus add up coherently at the receiver load.
B. COMPUTATION OF EXCITATION VECTORS
The measurement results when a single transmitter coil is excited are shown in Table 3 . The pilot symbol q ij in (10) corresponds to the current i i of measurement index j. Since there are two receiver coils, we use b (1) 0 and b (2) 0 to denote the current gain vectors between the transmitter coil array and receiver coil 1 and 2, respectively, i.e.,
and calculate the transimpedance gain as c (1) = Re Z are the load resistances in receiver coil 1 and 2, respectively.
The estimation procedure described in Section II-B with four measurements is used to measure the model parameters. The optimal excitation vector for transferring power to coil 5 (receiver coil 1) in Fig. 3 is computed as respectively, where k 1 , k 2 , k 3 > 0 are determined based on the maximum available transmit power P T . Similarly, if we aim to deliver power to coil 6 (receiver coil 2), the optimal solution is given by where k 4 , k 5 , k 6 > 0 are determined based on P T .
C. COMPARISON OF POWER TRANSFER EFFICIENCIES
We first look at maximizing the power delivered to coil 5 (receiver coil 1). As a result of strong coupling between transmitter coils 3 and 4 to the receiver coil 1, the optimal solution i (1) opt is heavily weighted to these two coils. The maximum achievable efficiency is 19.1% which is significantly better than 14.1% efficiency obtained by using the well-known method of equal power beamforming and marginally better than 18.3% efficiency achieved by conjugate beamforming. The phase of the received voltage due to transmitter coils 1, 2, 3 and 4 are 22.5 • , 18.2 • , −3.2 • , and −1.5 • , respectively and it can be observed that this is different from the beamforming excitation. Note that the efficiency degradation due to the non-optimal phase excitation of the conjugate beamforming solution is small. Most of the efficiency improvement of the optimal solution as compared to equal power beamforming is due to the amplitude mismatch, i.e., the power transmitted by coils that are very weakly coupled to the receiver. This observation highlights an important oversight in previous work. The beamforming solution seems intuitively reasonable following an analogy with beamforming used in multiple-antenna communications: coherent beamforming allows the individual induced currents from each transmitter to combine constructively at the intended receiver and therefore achieves the largest possible signal levels at the receiver for a given set of signal levels at each transmitter. Thus, beamforming is optimal in a certain sense. The flaw in this reasoning is that it neglects the effect of coherent excitation on power losses. While the received signal is enhanced by coherent beamforming, the overall power transfer efficiency may not increase proportionally depending on what it does to the power losses.
The above intuitive interpretation is supported by the experimental results. When we attempt to transmit power to receiver 1, receiver 2 acts as a parasitic loss element. The beamforming solutions are independent of the channels from the transmitters to receiver 2, and depend only on the channels to receiver 1. In contrast, the optimal solution fully incorporates all the relevant channel information. When we observe the amount of power transferred to the undesired receiver 2, we find that the optimal solution i (1) opt results in a power loss of 6.9% for receiver coil 2, which is smaller than the 8.9% power loss obtained by using equal power and conjugate beamforming. In other words, the optimal solution not only maximizes the power at receiver coil 1 but also minimizes the power delivered to parasitic receiver coil 2. Now, we examine the case where the aim is maximizing power delivered to coil 6 (receiver coil 2). As a result of this strong coupling between transmitter coil 3 and receiver coil 2, the optimal solution is heavily weighted to transmitter coil 3. The maximum achievable efficiency is 13.4% which is significantly better than the 8.2% efficiency obtained by using the equal power beamforming and marginally better than the 12.6% efficiency achieved by conjugate beamforming. The phase of the received voltage due to transmitter coils 1, 2, 3 and 4 are 15.3 • , 4.0 • , −1.2 • , −18.9 • , respectively and is different from the beamforming excitation. Similar to the case of maximizing efficiency to receiver coil 1, the effect of amplitude mismatch between optimal and equal power beamforming excitation has a more pronounced effect on efficiency as compared to phase mismatch between optimal excitation and beamforming. Since most of the received power is due to coil 3, the conjugate beamforming solution, by virtue of having roughly the same magnitude on transmitter coil 3 as that of the optimal excitation, suffers only a small efficiency degradation as compared to the optimal solution.
The optimal solution, i (2) opt results in loss of 9.9% to the undesired receiver coil 1 which is again the smallest as compared to the 14.1% loss obtained by using equal power and the 11.7% loss obtained by conjugate beamforming. Note that equal power beamforming solution, i (2) eq delivers more power to the parasitic receiver coil 1 instead of the desired receiver coil 2, which confirms the intuitive explanation of the suboptimality of beamforming.
D. VERIFICATION OF RESULTS
Additional measurements were made in order to check the reliability of the estimated model parameters and efficiency calculations. Table 4 shows the phasor measurements which were obtained by simultaneously exciting two of the four transmitter coils. The measured efficiency is computed as the ratio of measured load power and measured input power. Using the measurements, the total input power (P T ) and the load power (P L ) can be calculated as
The measured efficiency is compared against the predicted efficiency, where the latter is computed by using the estimated model parameters to estimate the load and total input power VOLUME 6, 2018 for the given excitation current vectors using (4) and (7), respectively. Figure 5 shows the measured and predicted efficiencies in receiver coil 2 for the measurements shown in Table 4 . It can be observed that the predicted efficiency closely matches with the measured efficiency (the difference being less than 2%). Similarly, for receiver coil 1 with the measurements in Table 4 , the predicted and measured efficiencies are shown in Fig. 4 and in this case too, the predicted efficiency matches the measured efficiency for most of the measurements (to within an error of 2%) expect one measurement (index 9), where the error is slightly higher at 4%. Hence, we conclude that the measurements are quite stable. We also observed that the measurements are highly repeatable.
VI. CONCLUSION
We presented a simple abstract approach to model a WPT system with multiple transmitter coils that seek to transfer power to a single receiver coil. We derived an expression for the optimal excitation current vector that maximizes the efficiency of power transfer, which is a function of the abstract model parameters. We presented a simple procedure to estimate these model parameters. We also presented experimental results with four transmitter coils and two receiver coils and showed that the optimal excitation vector has significant gains as compared to sub-optimal alternatives like equal power beamforming. The extension of the abstract model to include multiple receiver coils and also developing a more robust estimation procedure to measure the model parameters are an active future work. He has held multiple research fellow positions and became a Teaching Fellow in 2011 with the University of Southampton. He received the ViceChancellor's Teaching Award in 2007 for Engineering Chip Design where every EE student participated in chip design, layout, and after fabrication testing as part of the curriculum. He was a part of the foundation of the ARM-ECS Industry University Center in 2008 and developed the 65-nm LP flows, which were used for seven multicore research prototype system on chips. He also supported the implementation of the research in four of the system on chips before leaving for Purdue, USA.
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